We here revisit the essential problem of dynamical stability of planetary orbits around stellar binaries. We build on the coplanar three-body system of the Dvorak(1986), extending his stability diagram to both corotation and counter rotation of P-type orbits. His stability diagram express the change of stability across the gap between upper(UCO) and lower(LCO) critical orbits. By radius, this gap has a width of about 8% in the corotation case and 24% in the counter rotation case. As the gap of the second lies below the first, counter rotation is more stable, yet by width it is more chaotic. The gap between UCO and LCO follows a transition radius r + g = 2.39 + 2.53e − 1.40e 2 and r − g = 0.92 − 2.47e for corotation and respectively, counter rotation of the third body (the planet). Our r + g agrees with the same of Dvorak to within 0.35%. As a result, we discover r
INTRODUCTION
A new field of searches for exoplanets and exoplanetary systems is emerging since the discovery of the first extrasolar-planet orbiting a main-sequence star 51 Pegb (Mayor & Queloz 1995) . Various exoplanet databases are compiled by several group to provide the scientific community for improving our understanding of planet with a host star based on physical properties (Bashi et al. 2018) , that continue to grow by, e.g., the recently launched Transiting Exoplanet Survey Satellite (TESS). Exploration of detailed physical properties such as atmospheric composition (Kempton et al. 2018) and planetary spin (Snellen 2014) of these exoplanets in their respective habitable zone (Kasting et al. 2013; Kopparapu et al. 2013) will be possible by the upcoming advanced James Webb Space Telescope (JWST) and the Extremely Large Telescope (ELT).
Interestingly, a fair number, though small in percentage, of exoplanets are discovered about double stars systems. For these exoplanets, the habitable zone must include dynamical stability of planetary orbits. A common classification of these three-body systems is in terms of P-type and S-type planetary orbits, where the first is circumbinary and second is around either one of the primaries, and L-type is when the planet librates around one 1 CHEA-SRC, School of Natural Science Ulsan National Institute of Science and Technology (UNIST), Eonyang-eup, Ulju-gun, Ulsan 44919, Republic of Korea email: chealin93@gmail.com 2 Eonyang-eup, Ulju-gun, Ulsan 44919, Republic of Korea Astronomy and Physics, University of Sejong, 209 Neungdongro, Gwangjin-gu. Seoul 143-747, corresponding author, email: mvp@sejong.ac.kr of the triangular Lagrangian points. The first detection of such is the S-type planetary orbit in the Kepler system (Eggenberger et al. 2004 (Eggenberger et al. , 2007 Desidera & Barbieri 2007; Roell et al. 2012) , followed by the P-type orbit of Kepler-16b (Doyle et al 2011) .
For the P-type orbit, a concise stability diagram was first introduced by (Dvorak 1986 ) for the coplanar plane as a function of eccentricity of the central binary. Various extensions have been considered, e.g. finite mass ratios when planetary masses are small (Holman & Wiegert 1999; Cuntz 2015) , and theoretical studies on the orbital resonances (Morais & Giuppone 2012) .
While to observers, the inclination angle of planetary orbits to that of the central binary relevant, for orbital stability, the effect on planetary orbital stability is rather weak (Pilat-Lohinger et al. 2002) .
For potential habitability for advanced life, the exoplanet should have low spin to permit a global clement climate to emerge (van Putten 2017) . If exoplanets are born with arbitrary spin, this probably requires despining by lunar tidal interactions rather than stellar tidal interactions at canonical distances of the habitable zone. Exomoon therefore may serve a proxi for potentially advanced life on exoplanets in their respective habitable zone. Earth, for instance, has spun down to 24 hour/day from 4.1 hours/day initially by lunar tidal interaction over the past 4.5 Gyr. Early on, relatively strong tidal interactions may have been relevant to biotic processes and abiogenesis (Lingam & Loeb 2017) , while this would be disadvantagous to development of a global clement climate conducive to advanced life.
Selecting exoplanets for follow-up observations, there-fore, involves detailed consideration of orbital stability of exoplanet -moon systems. To assess their stability, we build an accurate exosolar N -body simulator that can handle a large mass hierarchy defined by mass ratios of exoplanet to central binary and exomoon to exoplanet. In this report, our starting point is a revisit and extension of the work on the stability of P-type planetary orbits pioneered by (Dvorak 1986 ). Specifically we extend his analysis of the three-body problem to include the unrestricted three-body problem and counter-rotating orbits, all in coplanar configuration.
For P-type orbit, Dvorak showed that a change of stability occurs across a gap between stable and unstable regions outside Upper Critical Oribit (UCO) and inside the Lower Critical Orbit (LCO). UCO and LCO refers to the initial orbital radius of the third body, whose orbits are stable and, respectively, unstable after integration time over a fixed number of periods of the central binary. We study different behavior of UCO and LCO for the co-and counter rotation case. Our numerical results confirm and extend the stability diagram of Dvorak and are presented here also to serve as potential benchmarks for N -body simulators more generally. To this end, we pay specific attention to the problem of numerical convergence as a function of the number of orbital periods.
Our exosolar system N -body simulator employs the ODE45 solver of MATLAB (MathWorks Inc. 2017 ). This is a fourth and fifth order adaptive ordinary differential equation solver. ODE45 performs accurate integration with numerical errors down to numerical roundoff error in double precision of total-energy in the problem setting at hand, that focuses on a limited integration time. For very long integration time, (Zeebe 2017) reviews many different methods for accurate integration that are outside the scope of our study. As a function of eccentricities from 0 to 0.9, We compute our extended stability diagram according to the following:
1. Restricted and unrestricted three-body problem. In the three-body problem, the force of mutual attraction between the primaries and the third body is proportional to the mass of the latter. As the third body is taken to be small mass, it does not significantly influence the primaries. This system is called the restricted three-body problem. Stability is slightly perturbed in the un-restricted problem with small masses, that is readily resolved numerically at high resolution. Our roadmap is as follows. In §2, we discuss an initial set-up of restricted three-body problem including finite mass ratios of third body to study the stability of P-type orbits. §3, details the dynamical equations of motion. Results of P-type orbits stability are studied in §4. In §5, we discuss our results.
P-TYPE ORBITS : INITIAL CONDITIONS
To study dynamical stability of P-type orbits in the coplanar three-body problem, we set initial positions of three objects with dimensionless variables normalized to the solar system unit of length (1AU) and solar mass (M ⊙ = 2 × 10 33 g). The center of mass (CM) is at the origin (0,0,0) of Cartesian coordinate system. Our equal mass primary binary has initial separation 1. The mass of the third body, m 3 is 10 −8 of the total mass of the binary, M = m 1 + m 2 .
In this configuration, closely following Dvorak (1986) , our initial distance between the CM and the third body is varied from 0.55 up to 4.3 (step size 0.05). A second variable in the initial data is the angle θ defined by the angle to the line connecting the primaries (Fig. 1 , Table 1). This initial angle is varied from 0 to 180
• (step size 45
• ). We integrate the three body motion over N Dvorak's orbital study with N = 500 up to N = 16000 periods of the central binary. The primaries with initial eccentricity, e, have an initial circular velocity about the CM. In all experiments, the third body is also given an initial circular velocity about the CM.
Upon integration over N periods of the central binary, first, we identify initial distance and θ which gives rise to a stable or unstable orbit. If for all θ, the given initial distance ensures stability, then this distance belongs to the region of stability which is bounded below by the UCO. On the other hand, if it is unstable, it belongs to the region of instability which is bounded above by the LCO. Repeating this procedure obtains UCO and LCO as a function of aformentioned eccentricity. Table 1 lists our parameters and those of Dvorak whose original work uses slightly different values. Following Dvorak, the four distinct initial angle θ measured a small sample of (0
• ≤ e < 180 • ), that otherwise may contain an infinite number of θ values of interest to orbital stability given the chaotic nature of the three-body problem.
DYNAMICAL EQUATIONS OF MOTION
The general three-body problem for masses m i with position x i (i = 1, 2, 3) and Newton's constant G is described by the following the dynamical equations of mo- tion in time t:
(1)
In our numerical implementation, we use dimensionless variables, i.e., masses are normalized to 1 solar mass and distances to 1 AU, as mentioned before, and G = 1. As such, time t is normalized to 1 yr.
As a reference to integrating (Eqn. 1), we consider the total energy H 1 and eccentricity e and semi-major axies a of the two-body problem defined by central binary in light of exact solution: The gap between UCO and LCO as a function of e for the corotating case (red) and counter rotating (yellow) and their quadratic fits, r ± g , using polyfit function of MATLAB (black). These two gaps refer to the unrestricted three-body problem with small mass planet. The width of gaps on average are 7% and 25% defined by the mean of UCO and LCO for corotation and counter rotation, respectively (N = 512). Result for N = 8192 are essentially the same, except for a slightly wider gap for corotation at e = 0.9.
where u = 1/r in a polar coordinate system centered about M , e.g., (Landau & Lifshitz 1969) . Here, H 1 is the equivalent one-body hamiltonian wherein µ = m 1 m 2 /(m 1 +m 2 ) is the reduced mass, v is the magnitude of velocity difference, M is the total mass and j is the specific angular momentum. By this analytic solution, we verifiy numerical errors in integration by ODE45 to be typically e.g.below 10
−12 , consistent with the relative and absolute error options set at that value.
For the three-body problem (Eqn. 1), we split total energy H = H 1 + H 2 into the total energy (Eqn. 2) of the binary H 1 and the total energy of the third body, H 2 , where H is defined by the initial data. Whereas H 1 is exactly conserved in the restricted three-body problem, H is exactly conserved in the unrestricted three-body problem. Thus, for the unrestricted problem, variations in H 1 will vary with the mass of the third body and linearly so when the mass of the third body is very small. For instance, doubling the mass of third body to 2×10 −8 from 1×10 −8 causes variations in H 1 to double. This is indeed observed in our numerical experiment. When the mass increases, we also confirm that the results remain essentially unchanged for the third body mass less than about 10 −4 . We determine the UCO and LCO as a function of the initial e of the central binary by a large number of runs following initial data in Table 1 .
The three-body problem being inherently chaotic complicates the definition of UCO and LCO as boundaries of the regions of stability and, respectively, instability, since regions of stability (instability) inevitably contain isolated orbits that are unstable (stable) (Fig. 2) . Nevertheless, the density of these isolated orbits is sufficiently low, that we can meaningfully define UCO and LCO, first demonstrated by Dvorak (1986) , and here shown in Fig. 2 , Dvorak (1986) further points out that stability of the third body is quite sensitive to the initial angle θ and e. the patter shows in e general trend in UCO and LCO with e. Fig. 3 shows the overall increase of the UCO and LCO with e for the data in Fig. 2 , along with the same for our counter rotationg case. The gap between the UCO and LCO is roughly uniform, apart from fluctuation inherent to chaotic behavior. The counter rotating case clearly lies below that of the corotating case: counter rotation is relatively more stable, even though it is more chaotic evidenced by a relatively wider gap (Fig. 3) .
P-TYPE ORBITS: CHAOTIC CHANGE OF STABILITY
Specifically, the gap satisfies the following trends (0 ≤ e ≤ 0.9, N = 512):
The associated mean widths of these gaps are 7% and, respectively, 25% for co-and counter rotation which is defined by the UCO and LCO(N = 512). And for N = 8192 it is 7% and 24%, the counter rotation is around three times narrower than the corotation. Our result (3) is essentially unchanged when we fall back to the restricted three-body problem in terms of the small mass of our planet.
For the corotating case, Fig. 5 shows a comparison of our trends r 
The mean discrepancy between r In other words, we agree on the overall trend in a change of stability in this inherently chaotic three-body problem, but find this change to more abrupt (our gap has smaller width).
In order to check convergence, we extend our computation up to N = 8192. We ascertain that convergence starts from around N = 128, even though the nature of chaotic behavior remains evident in minor fluctuations in e 1 , and e 2 as N becomes large (Fig. 5 ). For N = 8192, we report:
where the latter is effectively linear.
CONCLUSIONS
We revisit the stability of planetary P-type orbits in the context of habitable zones around double star systems. The chaotic change of stability is identified in terms of the UCO and LCO originally introduced by Dvorak(1986) . We extend this to the unrestricted threebody problem with corotation and counter rotation. To this end, we use the ODE45 solver found to be a suitable integrator giving convergent results for integration periods extending up to N = 8192. This is more than sufficient for our intended application creating synthetic transit light curves in future work.
Our main finding is that counter rotation is appreciably more stable than corotation, which we attribute to a relatively higher difference in orbital angular velocity of the P-type planetary orbit relative to the angular velocity of the central binary.
Relevant to the assessment of potentially habitable zones around double stars is the change of stability of P-type orbits. We find the gap between the UCO and LCO to be relatively narrow for corotation and somewhat broad for counter rotation with mean widths of 7% and, respectively, 24%(N = 8192). For this reason, we express the change of stability as trends r ± g in (3). The first, r + g (N = 512), is in excellent agreement with Dvorak (1986) . For all N , the second evidences more chaotic change of stability.
The ratio of the gap of corotation to that of counter rotation satisfies r + g /r − g = 2.57 − 3.43e + 3.50e 2 − 1.67e 3 (6) (Fig. 6 ). The habitable zones (HZ) may be populated below the gap of corotation, outside the gap of counter rotation (Fig. 3) . This may around low-luminosity binaries, where the HZ will be rather close in. In such a case, the HZ may be exclusively populated by exoplanets on counter rotating orbits. This suggests it may be of interest to search for just such exoplanets around low-luminosity binaries in future observations, perhaps around WD-WD binaries. In a future development, we plan to include ray-tracing to produce synthetic light curves of exoplanets with and without exomoons to assess potential detectability of selected systems from the existing exoplanet catalogues, see for instance, Zucker & Giryes (2017) . Studies of this kind provide detailed injection experiments to advanced detection algorithms to test and quantify a variety of statistical and system parameters. This may serve as input to advanced search and detection strategies with above mention upcoming advanced telescopes.
